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A mathematical model is developed that examines the effect of having a constrained
membrane in a fuel cell. During operation, a polymer-electrolyte fuel-cell membrane is
prone to swell but is unable to do so by system design. This builds up a stress that affects
transport in, and the properties of, the membrane. This report is the first to incorporate
such effects into a macrohomogeneous model. Both the physical and mathematical effects
are described. Results include the magnitude of constraint, the change in water content of
the membrane attributed to constraint, and one-dimensional simulations showing the
effect of constraint on the water balance of the fuel cell. The paper demonstrates the need
for considering membrane constraint both in modeling and experimental studies of fuel
cells. © 2004 American Institute of Chemical Engineers AIChE J, 50: 3215–3226, 2004

Introduction

Polymer-electrolyte (PE) or proton-exchange-membrane
(PEM) fuel cells are on the verge of becoming one of the
prominent technologies of the twenty-first century. Along with
their attractiveness as efficient and clean energy producers,
they may provide the energy structure of not only automotive
but also residential applications. It is well known that current
low-temperature (�80°C) PE fuel cells require inlet-gas hu-
midification to operate efficiently. The reason is that the prop-
erties of the ionomer membrane, typically Nafion, are highly
dependent on its water content.

Nafion is a copolymer of polytetrafluoroethylene and poly-
sulfonyl fluoride vinyl ether. Like most other PEMs, it exhibits
a high conductivity when fully hydrated, prodigious water
uptake, and a tendency to swell. In an operating fuel cell, the
fuel cell is constrained from swelling by the bipolar plates and
the design of the system that ensures good contact among the
various fuel-cell layers. Thus, although the membrane is prone
to swell, it either is constrained or compresses the other layers
in the fuel-cell sandwich. This is especially true for inlet
regions where the membrane may be pinned by the bipolar
plates, gaskets, seals, and so forth. Furthermore, it is known

that a constrained membrane exhibits lower water content than
that of an unconstrained one.1,2 Mathematically, this behavior
has never been examined and incorporated into a macroscopic
model. The study reported herein seeks to do that by taking our
previous membrane model3 and incorporating the relevant
stress equations. By examining the results of such a model,
conclusions can be made on the effects and relative importance
of having a constrained membrane. In addition, such a model
can be adapted to predict fuel-cell failure and examine changes
in the water balance arising from stress effects. The latter is
important in designing an accurate water-management scheme.

Most previous macroscopic models treat swelling by assum-
ing that the dimensions of the membrane remain constant (for
examples, see Um et al.,4 Nguyen and White,5 and Bernardi
and Verbrugge6). This thickness is often the thickness of the
fully liquid-equilibrated membrane, but is sometimes another
thickness such as the dry thickness. However, this treatment
ignores how the dimensions change with water content and
thus swelling, as well as any stress effects of having the
membrane at the prescribed thickness. Another previous mod-
eling approach is to assume that the membrane can swell freely
(for examples, see Weber and Newman,3 Meyers and New-
man,7 and Springer et al.8). This treatment ignores the physical
situation wherein the membrane is constrained by the other
layers in the fuel-cell sandwich. Finally, swelling has been
addressed by some microscopic models (for examples, see
Eisenberg,9 Mauritz and Rogers,10 Datye et al.,11 Din and
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Michaelides,12 Paddison,13 and Eikerling et al. 14,15), but such
models are too unwieldy to use in an overall fuel-cell model,
although they do provide some of the basis for the physical
arguments in this article. Furthermore, such models examine
only local effects (such as within single clusters, molecular
sites, or pores). This article explicitly accounts for swelling and
the stress associated with constraint in a macrohomogeneous
model.

The outline of the article is as follows. Because our previous
PEM model forms the basis of this report, it is summarized
first. Second, the physical effects of constraining the membrane
are presented, followed by the mathematical treatment. Results
and discussion are then presented, including the examination of
the magnitude and general effects of constrained membranes
and one-dimensional (1-D) simulation results on water man-
agement. Finally, overall conclusions and remarks are made.

Review of membrane model

In previous papers, we presented both a physical and a
mathematical model of PEMs that described many effects not
incorporated into current models.3,16 Because the addition of
the stress relations is directly tied to the PEM model, it is
reviewed here. The main variable of the model is the water
content of the membrane � (moles of water per mole of
sulfonic acid sites).

As discussed thoroughly in a previous paper,3 concentrated-
solution theory is used to derive four governing equations for
transport in the membrane system of membrane, protons, and
water. These equations contain four unknowns: �, the electri-
cal potential; i, the current density, which is specified; N0, the
superficial flux density of water; and �0, the chemical potential
of water. The model assumes steady state and isothermal
operation. For a three-species system, there are three transport
properties. These are identified as �, the conductivity of the
membrane; �, the electroosmotic coefficient or number of wa-
ters carried per proton in the absence of a concentration gra-
dient; and �, the transport coefficient, defined by

N0 � ����0 (1)

All the transport properties are functions of temperature and
water content �. Table 1 summarizes the governing equations,
definitions, and transport properties as discussed below. In the
first part of the table are some useful definitions and the current
and water material balances, Eqs. 1-9 and 1-10, respectively.

There are two transport modes in the membrane. One is
associated with a membrane in contact with a vapor reservoir,
and the other is associated with a membrane in contact with a
liquid reservoir. These two modes are termed the vapor-equil-
ibrated and liquid-equilibrated transport mode, respectively.
The two modes are a key component of the membrane model
and help both to bridge the gap between current models in the
literature and to account for observed phenomena such as
Schroeder’s paradox: a difference in the membrane water up-
take from a liquid reservoir and a saturated-vapor reservoir at
the same chemical potential (for a further discussion see Weber
and Newman16).

In the vapor-equilibrated mode, the membrane is treated as a
one-phase system in which water dissolves and moves through
clusters and collapsed channels by diffusion. In this transport

mode, the governing transport equations for current and water
are Eqs. 1-11 and 1-12, respectively. �V, the water content in
the vapor-equilibrated portion of the membrane, is determined
by a modified version of the chemical model of Meyers and
Newman17 that accounts for temperature and stronger binding
at low water-vapor activities.3 The vapor-equilibrated transport
mode is dominant when the gas stream does not contain satu-
rated or nearly saturated water vapor. The functional forms and
modeling equations for the vapor-equilibrated transport mode
are summarized in the second part of Table 1.

In the liquid-equilibrated mode, the membrane is treated as
a two-phase system composed of membrane and liquid water.
Thus, the membrane is similar to a porous medium through
which liquid water moves as a result of convection (that is, a
pressure gradient). In this transport mode, the governing trans-
port equations (Eqs. 1-17 and 1-18) are similar to the vapor-
equilibrated ones except that the liquid-equilibrated properties
are used and the chemical potential of water has been substi-
tuted by

��0 � V� 0�pL (2)

where the subscript L denotes the liquid phase or liquid-phase
property and V� 0 is the (partial) molar volume of water. The
water content �L is equal to a value of 22. The functional forms
and modeling equations for the liquid-equilibrated transport
mode are summarized in the third part of Table 1.

When the membrane is neither fully liquid nor vapor equil-
ibrated, transport occurs through both modes, which are as-
sumed to operate in parallel. In this instance, the governing
transport equations are assumed to be a superposition of the
two transport mode equations, and are averaged by the fraction
of expanded channels S (Eqs. 1-23 and 1-24). The value of S is
calculated by integrating the channel-size distribution from a
critical radius—determined by the liquid pressure and channel
properties (Eq. 1-28)—to infinity, given that the channels are
hydrophobic. The hydrophobic channels ensure that, when
there is no liquid-water reservoir, there is no liquid in the
channels and also that vapor expand the collapsed channels.
Because both �0 and pL are being used as variables, an addi-
tional relation is needed between them, which is given by an
equilibrium expression that is the same in form as Eq. 2. The
functional forms and modeling equations for the simultaneous
occurrence of both transport modes are summarized in the
fourth part of Table 1.

Effects of Constraining the Membrane
Physical effects

PEMs normally contain a bound hydrophilic anion, such as
a sulfonic group, and as such have a strong affinity toward
water and other polar solvents. This affinity causes them to
swell.18-22 From a fundamental perspective, this behavior is
relatively straightforward. The uptake of water hydrates the
hydrophilic groups, which form clusters and channels that
expand. This expansion pushes out the polymer matrix, and
thus the overall ionomer system volume increases. For a liquid-
equilibrated membrane, the increase in volume is about 74%.19

As mentioned above, fuel-cell operation and design do not
allow for swelling, and the membrane is at least partially
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Table 1. Governing Equations and Modeling Parameters by Transport Mode for the Membrane Model

General definitions and equations

V� 0 �
M0

�0

(1-1)

V� m �
EW

�m,o

(1-2)

V � V� m � �V� 0 (1-3)

f �
�V� 0

V
(1-4)

� �
EW 	 M0�

V
(1-5)

c0 �
�

V
(1-6)

x0 �
�

� 	 1
(1-7)

l � lo�1 	 0.36
�̂V� 0

V� m
� (1-8)

� � i � 0 (1-9)

� � N0 � 0 (1-10)

Vapor-equilibrated transport mode equations and parameters

i � ��V�� 

��V

F
��0 (1-11)

N0 � �
�V�V

F
�� 
 ��V 	

�V�V
2

F2 ���0
(1-12)

�V � �V(�0, T) from model of Weber and Newman3

�V � 0.5�fV 
 0.06�1.5exp�15,000

R � 1

Tref



1

T�� (1-13)

�V�� for � � 1

�V � 1 for � � 1 (1-14)

�V �
c0,VD�0

RT�1 
 x0,V�
(1-15)

D�0 � 1.8 � 10�5fVexp�20,000

R � 1

Tref



1

T�� (1-16)

Liquid-equilibrated transport mode equations and parameters

i � ��L�� 

��L

F
V� 0�pL

(1-17)

N0 � �
�L�L

F
�� 
 ��L 	

�L�L
2

F2 �V� 0�pL
(1-18)

�L � 22 (1-19)

�L � 0.5�fL 
 0.06�1.5exp�15,000

R � 1

Tref



1

T�� for f � 0.45

�L � �L(0.45, T) for f � 0.45 (1-20)

�L � 2.55 exp�4000

R � 1

Tref



1

T�� (1-21)

�L �
ksat

�V� 0
2 � f

fL
�2

(1-22)

Both transport modes equations and parameters

i � S���L�� 

�L�L

F
V� 0�pL�	 �1 
 S����V�� 


�V�V

F
��0� (1-23)

N0 � S��
�L�L

F
�� 
 ��L 	

�L�L
2

F2 �V� 0�pL�	 �1 
 S���
�V�V

F
�� 
 ��V 	

�V�V
2

F2 ���0� (1-24)

��0�V � V� 0�pL�L (1-25)

� � �V�a0�1 � (�L � �V�a0�1)S (1-26)

S �
1

2 �1 
 erf�ln rc 
 ln�1.25�

0.3�2 �� (1-27)

rc � �
2
 cos �

pL

(1-28)
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constrained. Physically, a constrained membrane has a lower
value of � than that of a swollen one. The physical picture
being described is that of a sponge between two spring-loaded
meshes. Thus, if the applied pressure is high enough, it com-
presses the membrane, which results in a loss of water. Another
way to think of this is that, by conservation of the overall
membrane-matrix mass, a smaller total volume means that
some of the water must be pushed out.

The ionic clusters that form in the membrane are attributed
to equilibrium between electrostatic forces and the deformation
energy of the polymer. A constrained membrane has a higher
deformation energy, and thus the clusters should be slightly
smaller, much like the case of higher equivalent weight mem-
branes. However, the number of sulfonic acid sites has to
remain constant. Thus, although the energy to deform the
polymer is higher, so also is the number of sulfonic acid sites
for a given volume, and thus the electrostatic energy also
increases. The resultant picture for a constrained membrane is
a cluster-network model in which the clusters are only slightly
smaller, but are pushed closer together. Furthermore, it is
assumed that the channel-size distribution (that is, the diameter
of the channel) remains the same. The argument is the same as
that presented previously,3 and is similar to the cluster discus-
sion above wherein the extra forces all increase. Thus, the
trade-offs between them are the same, especially for the very
thin channels within the flexible ionomer backbone.

From the above picture, one can envision that the water
volume fraction might be higher for a constrained vs. an
unconstrained membrane placed in the same water reservoir.
This is because, even though the constrained membrane has a
lower water content �, its overall volume is also smaller, and
thus its water volume fraction may be higher (see Eq. 1-4). If
this occurs, then the transport properties of the medium such as
the conductivity will be unchanged or may even increase upon
constraint. Thus, property values and dependencies should be
experimentally measured for membranes constrained to their
expected dimensions under operation. Such measurements are
not really available in the literature. Finally, although the above
example is for conductivity, the transport coefficients could
also be affected in the same manner; however, the electroos-
motic coefficients should remain unchanged. Finally, because a
constrained membrane has a smaller thickness than that of an
unconstrained one, the various gradients are larger and this
couples with any change in the transport properties to deter-
mine the superficial fluxes. This last point is discussed in terms
of the simulation results below.

Mathematical model

Swelling studies of the membrane have shown that the
assumption of additive molar volumes is valid.19,22 By this
assumption, the volume of a free-swelling membrane in terms
of water content is given by

Vf � Vo�1 	
�̂fV� 0

V� m
� (3)

where the subscript f denotes the case of a free-swelling mem-
brane, Vo is the initial volume of the dry membrane, �̂f is the
average value of � in the free-swelling membrane, and V� m is

the partial molar volume of the membrane. Because �̂f is an
unknown quantity initially, a scheme must be used to obtain the
final membrane volume (or in 1-D simulations, the membrane
thickness; see Eq. 1-8). The scheme used is to iterate the
simulations successively until the value of �̂f converges, as we
discussed in a previous report.3

A membrane operating in a fuel cell might not be fully
constrained. In this situation, a degree-of-constraint parameter
should be used. This parameter dictates how constrained the
membrane is with respect to its free-swelling state. Using this
parameter, Eq. 3 becomes

Vcon � Vo�1 	
�̂fV� 0

V� m

�1 
 ��� (4)

where the subscript con denotes a constrained membrane and �
is the degree of constraint (1 for a fully constrained membrane
and 0 for a free-swelling membrane). This new volume should
be used in the relevant expressions in Table 1 such as water
volume fraction and density, Eqs. 1-4 and 1-5, respectively. For
understanding purposes, a definition of � can be written by
combining Eqs. 3 and 4 and solving for �

� �
Vf 
 Vcon

Vf 
 Vo
(5)

Thus, � is a volume ratio that can be experimentally realized by
either compressing a swollen membrane to a specified volume
or by applying a pressure and determining the volume change
for a given set of conditions.

To account for the effect of stress on the constrained mem-
brane and how it alters the membrane’s water content, a rela-
tively straightforward approach is used. It is similar to that
done in the literature to determine cluster size and elastic-
ity.23,24 The approach is shown schematically in Figure 1 for
the case of a fully constrained membrane, where � is the
dilatation stress. Three different membrane states are identified.
State 1 is the dry, initial membrane; state 2 is the free-swelling
membrane where it has been placed in a water reservoir of
chemical potential �0

ext; and state 3 is the fully constrained
membrane in the same water reservoir. From the figure, one
can visualize the physical picture and the definition of �.
Whereas �̂f is calculated by our previous model, the stress and
water content must be determined for the constrained mem-
brane, state 3.

For an equilibrated membrane, the chemical potential of the
water in the reservoir and that just inside the membrane are
equal, whether the membrane is constrained or swollen, as
shown in Figure 1. Like the sponge analogy, compression of
the membrane by the other fuel-cell layers does not directly
affect the water because the stress represents an external body
force that is felt by the membrane matrix only, as discussed
elsewhere.3,25 Mathematically, this equilibrium can be ex-
pressed as

�0
�2� � �0

ext � �0
�3� (6)

where the numbers refer to membrane states 2 and 3 in Figure
1. Using the thermodynamic development of Meyers and New-
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man,17 expressions can be written for the chemical potential of
water in the two membranes, as follows:

�0
2 � �*0 	 RT ln �̂fEW 	 2RT 	

k�1

n

E*0,kmk

�0
3 � �*0 	 RT ln �̂conEW 	 2RT 	

k�1

n

E*0,kmk 	 V� 0� (7)

where �*0 is a combination of reference states and constants, mk

is the molality of species k in the membrane, E*0,k represents
the binary interaction parameter between water and species k.
The summation is over the total number of species n, in the
membrane (such as protons); EW is the equivalent weight of
the membrane, and the molality of water in the membrane has
been replaced by the product �̂EW. The above relationships
use average values of the water content because it is assumed
that the stress acts more-or-less uniformly on the membrane
(for a further discussion, see the dissertation by Meyers26).

Next, we assume that the binary interaction parameters are
constant, which is not necessarily true because of such phe-
nomena as heats of solvation, but is a very good first approx-
imation. Also, the molalities of the other species are assumed
to be constant, which is a valid first approximation because of
electroneutrality and the regime in which swelling, and thus
constraint, is important (that is, at high water contents). These
assumptions, along with Eqs. 6 and 7, allow for an expression
to be written detailing how the chemical potential of water

changes when going from the swollen to the constrained mem-
brane, states 2 and 3, respectively:

	�0 � RT	 ln �̂ 	 V� 0� � 0 (8)

Solving the above equation for the change in the average water
content of the membrane yields

�̂con

�̂f

� exp��
V� 0�

RT� (9)

Although Eq. 9 represents the governing equation, a relation
is still needed for �. The dilatation stress of going from the
free-swelling to the constrained state can be expressed as

� �
d

dV �K

V� � �K ln�Vcon

Vf
� (10)

where K is the bulk modulus of the membrane/water system.
This modulus has been derived both experimentally and theo-
retically for Nafion27-29 and can be expressed as

K �
Y

3
�

275

3 �Tref

T �exp��0.1655��̂M0

EW
	

1200 
 EW

100 ��
(11)

where Y is Young’s modulus and M0 is the molecular weight of
water. The above form takes into account the plasticizing effect
of water on the membrane, although a different dependency on
water content has recently been observed.30 The temperature
dependency is derived from the data of Yeo and Eisenberg31

and Escoubes et al.1 and has an expected inverse relationship.
It should be noted that this expression is valid only in the
temperature range below the glass-transition temperature. As
the glass-transition temperature is approached, the modulus
will vary more significantly, and an adjustment will have to be
made to Eq. 11.

Finally, Eqs. 3, 4, 9, and 10 can be combined and simplified
to yield a single governing equation

�̂con

�̂f

� � �Vm 	 �V0�1 
 ���̂f

�Vm 	 �V0�̂f
�K�V0/RT

(12)

where Eq. 11 is used to calculate the bulk modulus. An average
value for K should be used, and this makes the above equation
implicit. However, if Eq. 11 is used, the deviation is normally
less than 5% with the change in water content.

The way in which the above equations and approach are used
in a simulation is as shown in Figure 1. Simulations are done
in which the membrane can freely swell, and a value of �̂f is
calculated. Next, the constrained volume is set by fixing a value
of �, or by doing a stress balance. Equation 12 is then used to
calculate the change in the value of �̂. Finally, this ratio is used
with the constrained volume, Vcon, in another simulation. The
ratio modifies the value of �, determined by the membrane
model, at each mesh point.

Figure 1. Schematic showing the modeling approach
going from the initial, dry membrane (1) to the
free-swelling membrane (2) to the constrained
membrane (3), which in this case is fully con-
strained.
The gray boxes are the different membrane states, the dashed
line is the membrane constraint attributed to the other fuel-cell
sandwich layers, and the light gray is the water reservoir.
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Results and Discussion

The results and discussion are divided into three parts. In the
first part, general effects of constraint are discussed, including
changes in the transport-property and water-uptake values with
respect to the degree of constraint. In the second part, some 1-D
simulation results are investigated with respect to fuel-cell
water management. Finally, the magnitude of the stress and the
existence of constrained membranes are discussed. Unless
noted, all of the analyses below assume a Nafion membrane
with an equivalent weight EW of 1100 g/equiv and a dry
density �m,o of 2 g/cm3.

General effects of constraint

Constraining the membrane primarily affects is water con-
tent and volume. The differences in the value of � for free-
swelling and fully constrained membranes at a given water-
vapor activity is shown in Figure 2. The uptake curves show
that the effect of constraint is more pronounced at higher
water-vapor activities. Figure 2 also demonstrates that con-
straint is more significant for liquid-equilibrated vs. vapor-
equilibrated membranes. These results make physical sense
because the membrane swells more at the higher values. The
value of � for a constrained saturated-vapor-equilibrated mem-
brane (a0 � 1) is in agreement with experimental findings,1 and
there is a nearly 20% reduction in � at 30°C.

It is known that � for vapor-equilibrated membranes is
temperature dependent below the glass-transition tempera-
ture,3,32-34 with � decreasing with increasing temperature at a
given water-vapor activity. Figure 3 shows the effect of tem-
perature on � for a saturated-vapor-equilibrated membrane that
can freely swell or is fully constrained. The figure shows that
an increase in temperature causes a lower value of � as well as
a lesser effect of constraint (about half the reduction in � at
80°C than at 30°C). The latter is attributed to the lower value
of the bulk modulus with temperature, and the inverse temper-
ature dependence of the exponent in Eq. 12. Both Figures 2 and

3 demonstrate that constraining the membrane can have a
significant effect on its water uptake. They also emphasize that
water uptake should be measured in conditions similar to those
in operation, and may explain some of the variability in com-
paring isotherms and uptake values from different sources.

Because the transport properties are functions of the water
content, they will change because of constraint. Only the elec-
troosmotic and liquid-equilibrated transport coefficients are not
expected to vary significantly because they are not strong
functions of the water content (see Eqs. 1-14, 1-21, and 1-22).
As seen in Table 1, the other transport properties are direct
functions of the water content � or the water volume fraction f.
Although the water content decreases with constraint, the water
volume fraction may increase as a result of the lower total
volume of the membrane system. Thus, if the formulas from
Table 1 are used, the properties may actually increase upon
constraint, as shown in Figure 4 for the conductivity and
transport coefficient (see Eqs. 1-13 and 1-15, respectively) of a
saturated-vapor-equilibrated membrane. Figure 4 also shows
that if the properties are assumed to be functions of � instead
of f, then their values decrease with constraint. It should be
noted that both properties should change in the same fashion
because of their similar underlying physical phenomena.
Herein it is assumed that the properties are functions of f (that
is, as written in Table 1) because the formula for conductivity
is well known and accepted.3 The above results demonstrate
that changes in transport-property values can be significant
because of constraint. In addition, changes in the property
expressions besides those resulting from water content and
volume have not been considered. Therefore, transport-prop-
erty data should be taken in conditions that mimic the fuel-cell
operating conditions. For example, because transport-property
data are often measured with a free-swelling membrane, they
are not necessarily representative of those during operation.

Figure 2. Water uptake isotherms for a fully constrained
(� � 1) and a free-swelling (� � 0) membrane at
30°C.
The dotted line shows the effect of Schroeder’s paradox.

Figure 3. Water content of a saturated-vapor-equili-
brated membrane as a function of temperature
for both a fully constrained (� � 1) and a free-
swelling (� � 0) membrane.
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Effects of constraint on water management

It is well known that an understanding of water management
is crucial in the operation and design of fuel cells. To examine
the effect of constraint on water management, some simple 1-D
fuel-cell sandwich simulations were run. The simulations use
the simple sandwich model that has been described else-
where.35 The modeling domain consists of the membrane, two
diffusion media, and two gas channels. The membrane is
treated with the equations from Table 1 with the above stress
equations and methodology. The diffusion media are treated
with Stefan–Maxwell diffusion for the gas phase and Darcy’s
law for the liquid phase, and the gas channels are assumed to
be perfectly mixed. Figure 5 shows the modeling domain and
the relevant modeling equations. Because only the water bal-
ance is being studied, the catalyst layers can be assumed to be
infinitely thin, and the production of water and consumption of
reactants to be given by Faraday’s law at the specified current
density.

To use the model, boundary conditions, simulation parame-
ters, and property values are necessary. The boundary condi-
tions have been discussed previously35 and are summarized in
Table 2. The values for the properties and the simulation
conditions not already given are in Table 3, and the membrane
is assumed to be pinched or, in other words, constrained on all
sides. The effect of constraint on the water balance is analyzed
in terms of the parameter �, the net flux of water in the
membrane per proton flux

� �
N0

i/F
(13)

A positive value of � signifies that the net movement of water
in the membrane is from anode to cathode.

The first simulations presented use saturated hydrogen and
air and break down the effect of constraint into its components,
as shown in Figure 6. Figure 6a demonstrates that the net flux

of water in the membrane is affected by constraint. In fact, fully
constraining the membrane causes it to decrease by about a
factor of 4. This is important because the lower the value of �,
the lower the effect of flooding, given that water is produced at
the cathode. From strictly a water-management perspective,
constraining the membrane is beneficial, at least with saturated-
gas feeds. The net flux of water in the membrane is a composite
of the back flux attributed to the water chemical-potential
gradient and the electroosmotic flux. Because the electroos-
motic flux is relatively independent of the degree of constraint
(the current density remains constant and the electroosmotic
coefficient for each membrane type is assumed independent of
stress effects), the reason that � decreases must be attributed to
the increase in the back flux of water from cathode to anode, as
shown in the solid line of Figure 6b.

Simulations allow for an in-depth look and breakdown of the
dominant phenomena that occur. Thus, one can run simulations
under conditions that are impossible to do experimentally. In
Figure 6b, two separate simulation cases were run. The first
case is that � changes attributed to constraint, but the volume
does not (that is, Vcon � Vf ). The second case is the opposite;
that is, that the volume changes because of constraint but the
value of � remains constant (that is, �̂con � �̂f but Vcon 
 Vf ).
It is clear from the figure that the increase in the back flux is
mainly a result of the decrease in the membrane volume or
thickness. This decrease directly exerts an impact on the flux
by increasing the gradient of water chemical potential in the
membrane. In addition, according to our assumption, the trans-
port properties increase because of the higher water volume
fraction. Similarly, although the electroosmotic flux is constant
at the assumed current density, the potential drop through the
membrane decreases with constraint because of the mem-
brane’s smaller thickness. However, this decrease also depends
on whether the conductivity increases or decreases upon con-
straint. When the volume is held constant, the back flux of
water decreases because the lower value of � causes a lower
water volume fraction, and thus lower transport-property val-
ues. This is a different case from that in Figure 4 because the
volume is not changing (that is, f decreases instead of in-
creases). Overall, the effect of constraint on the water balance
is significant and is dominated by the membrane’s smaller
volume, which causes a higher back flux of water from cathode
to anode.

The results in Figure 6a are valid for saturated feeds where
the liquid-equilibrated transport mode is dominant. To deter-

Figure 5. 1-D modeling sandwich and governing equa-
tions.

Figure 4. Conductivity and transport coefficient as a
function of degree of constraint for a saturat-
ed-vapor-equilibrated membrane at 30°C.
The two sets of lines represent whether the conductivity and
diffusion coefficient are taken to be direct functions of �
(dotted) or f (solid).
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mine whether the results are general, simulations were run
where the humidity of the gases in the gas channels was varied.
The results of these simulations are given in Figure 7. It is clear
that the effect seen in Figure 6a is valid in general: constraining
the membrane causes a more negative net water flux in the
membrane. Of course, this is subject to the property-value
expressions used in Table 1, but because the dominant factor
upon constraint is the membrane’s smaller volume, the trend
should remain.

Figure 7 also demonstrates that saturated gases greatly in-

crease the effect of constraint. This result is explained by two
reasons. First, the liquid-equilibrated transport coefficient (Eq.
1-22) is much larger than the vapor-equilibrated transport co-
efficient (Eq. 1-15). Thus, upon constraint, the back flux is
much larger. However, the electroosmotic flux is also larger for

Table 2. Boundary Conditions by Region and Variable for the 1-D Sandwich Model Including the Different Transport Modes

Region of Operation Variable Interface Boundary Condition

Always valid

aDM p0,a aGC/aDM p0,a � p0,a from activity
cDM p0,c cDM/cGC p0,c � p0,c from activity
aDM pL aGC/aDM pL � pa

cDM pL cDM/cGC pL � pc

All i aGC/aDM i � specified
Mem. N0 aDM/Mem. N0 � N0

G � N0
L

Mem. � Mem./cDM � � 0

Liquid and vapor boundary

Mem. pL Mem./cDM N0 	
i

2F
� N0

G 	 N0
L

Mem. �0 Mem./cDM� �0 � V� 0(pc � 0.1)
aDM N0,a

G aDM/Mem. p0,a � p0
vap

cDM N0,c
G Mem./cDM p0,c � p0

vap

aDM N0,a
L aDM/Mem. pL � pL

cDM N0,c
L Mem./cDM pL � pL

Only vapor boundary

Mem. pL Mem./cDM pL � 0

Mem. �0 Mem./cDM N0 	
i

2F
� N0

G 	 N0
L

aDM N0,a
G aDM/Mem. �0 � RT ln�p0,a

p0
vap�	 V� 0�pa 
 0.1�

cDM N0,c
G Mem./cDM �0 � RT ln�p0,a

p0
vap�	 V� 0�pa 
 0.1�

aDM N0,a
L aDM/Mem. N0,a

L � 0
cDM N0,c

L Mem./cDM N0,c
L � 0

Table 3. Values for the Parameters Used in the Simulations

Parameter Value

Operating conditions
Membrane Nafion 115
T 80°C
i 0.4 A/cm2

pa 0.15 MPa
pc 0.15 MPa

Modeling properties*
lDM 0.25 cm
pDH2

,0
eff 0.01098 MPa � cm2/s

pDN2
,0

eff 0.00223 MPa � cm2/s
� 3.655 � 10�4 Pa � s
�0 0.9707 g/cm3


 0.06258 N/m
p0

vap 0.04732 MPa
kevap 1 l/s
Tref 303.15 K
�L

L 8.1 � 10�9 mol2/J � s � cm
� 90.02°
ksat 4.7 � 10�15 cm2

*All value references can be found in Weber and Newman.3

Figure 6. Simulation results of the flux of water in the
membrane per proton flux as a function of
degree of constraint for saturated feeds and
the conditions in Table 4.
(a) Value of the net flux of water in the membrane per proton
flux. (b) Solid line is the back flux of water in the membrane
per proton flux resulting from the water chemical-potential
gradient; dotted lines represent simulations in which �̂con ��̂f
or Vcon � Vf but the other changes are attributed to constraint.
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the liquid-equilibrated transport mode because of its higher
electroosmotic coefficient. The second and more important
reason is that, as shown in Figure 2, the lower the water-vapor
activity, the lower the value of �, and thus the lower amount of
swelling. This smaller amount means that there is not as great
a difference between the swollen and constrained volumes; the
effect of constraint is diminished. This explains why constraint
has a more significant effect for the saturated-feed case because
� is at least double the value of the other cases as a conse-
quence of Schroeder’s paradox.

Figure 7 shows that, as the gases become dry, not only is the
effect of constraint lessened, but the water flux from anode to
cathode increases after an initial drop from the saturated-gas
case. The reason for the decrease is that the liquid-equilibrated
transport mode is no longer dominant for the subsaturated-feed
cases. This results in a smaller electroosmotic flux, and, due to
the faster diffusion of water vapor in hydrogen than air , a
larger back flux35. Figure 7 suggests that the water balance can
be somewhat controlled by the humidity of the feed gases. For
example, if the gases in the channels are only slightly humid-
ified, the net water flux in the membrane is negative. A good
water-management scheme may be able to hold � close to zero.
The unsaturated gas results are strictly valid only when the
water vapor in the gas channels is at the prescribed water-vapor
activity. They are not necessarily valid when the feed gases are
fed at the prescribed humidity because 2-D channel effects
(such as the increase in water-vapor activity arising from water
production) are ignored. However, the general trends should
remain the same, with differences only in quantitative detail.
Furthermore, although the simulations are valid for a specific
set of conditions, the overall trends and conclusions are the
same for different operating conditions including temperature
and current density (data not shown). Finally, the results also
underline the fact that just swelling of the membrane as a
function of water content causes changes in the water balance,
and thus it should be included in any fuel-cell model.

Magnitude of constraint and discussion

Although all of the above analysis shows the effects of
constraint, the question as to whether a membrane is actually
constrained in an operating fuel cell and to what degree has not
been answered. To do this, the magnitude of the stress is
required. Figure 8 gives the stress as a function of degree of
constraint and water-vapor activity. For a fully constrained
fully vapor-equilibrated membrane, the stress is 28 MPa at
30°C (33 MPa for a liquid-equilibrated membrane), in agree-
ment with the literature.1,23,24 As the temperature is increased to
80°C, the stress decreases to 18 MPa for a fully vapor equili-
brated membrane (24 MPa for a liquid-equilibrated mem-
brane), in agreement with the trend in Figure 3. Both of the
above stresses are substantial, and thus one might not expect a
membrane to be fully constrained.

To determine the degree of constraint, the appropriate curve
in Figure 8 can be compared to stress–strain relationships for
the other materials in the fuel-cell sandwich. A simple analysis
involves assuming that the expansion of the membrane com-
presses only the diffusion media. This is valid because they are
the most compressible materials in the sandwich and the cat-
alyst layers are thin enough to be ignored. Now, one can either
assume expansion of the membrane in all directions with only
a slight anisotropy, the same as in Eq. 1-8 for thickness,3,18,19,21

or that the edges of the membrane are pinched and thus the
diffusion media feel the total amount of stress. In either case,
using a stress–strain curve of Toray TGPH-060 paper,36 allows
for the prediction of the stress, diffusion media compression,
and degree of membrane constraint. The results of such an
analysis are presented in Table 4 for Nafion 112 and 117 at
different temperatures and water activities.

For the results in Table 4, the diffusion media were taken to
be 300 �m in thickness unstressed and compressed to 250 �m
upon fuel-cell assembly. The results clearly show that for all
cases the membrane is constrained to a certain extent, although
it is less than 50%. Furthermore, only the cases of a liquid-

Figure 7. Simulation results of the net flux of water in the
membrane per proton flux as a function of
degree of constraint and water-vapor activity
of air and hydrogen.

Figure 8. Dilatation stress as a function of degree of
constraint for a vapor-equilibrated membrane
at 30°C and four different water-vapor activi-
ties.
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equilibrated membrane and a pinched 117 fully vapor-equili-
brated membrane cause significant compression of the diffu-
sion media. As expected, the much thinner 112 membrane does
not have as great an effect on the diffusion media as that of the
117, although it is interesting to note that the membranes are
constrained to about the same extent for the same set of
conditions. The resultant stresses are similar for most cases and
are practical (that is, the bipolar plates and fuel-cell assembly
can withstand them). It is interesting that the degree of con-
straint increases with lower water-vapor activity, but this is
attributed to the fact that the free swelling and constrained
volumes approach each other as the activity is decreased. The
actual membrane in terms of thickness is constrained less, as
evidenced by the lower value of the stress. Overall, the results
agree with the trends described above, and Table 4 clearly
shows that membrane constraint should be considered in fuel-
cell modeling and design.

The relatively simple analysis leading to the results in Table
4 can be used to enhance modeling simulations and examine
alternative materials. For example, other membrane and diffu-
sion-medium stress–strain relationships can be used to examine
the stress and thickness of the various components during
fuel-cell operation. This is especially important in light of all of
the associated effects in terms of transport and water content,
as described above, not to mention changes to the structure of
the catalyst layers and diffusion media. In addition, compari-
sons can be made among different materials and design criteria
established for both membranes and diffusion media.

The incorporation of stress in a simulation also allows for
possible prediction of fuel-cell failure and problems. For ex-

ample, cycling either temperature or relative humidity results
in worse fuel-cell performance.37,38 Temperature studies show
that the pore-size distribution of the electrodes changed,
whereas the membrane conductivity remained about constant.38

In light of the above discussion and Figures 2, 3, and 8, it is
conceivable that stress effects might be an important reason for
such failure. Furthermore, accelerated testing showed that me-
chanical failure of the membrane limits the lifetime of the fuel
cell.39 The formation of pinholes can be modeled using a
transient model that includes the stress relationships, as can
other failure mechanisms such as delamination of the elec-
trodes resulting from stress and even some sealing problems.
The last is true in inlet regions where the membrane may be
pinched and consequently under higher stress. A full transient
analysis also involves the examination of stress in a dynamic
fashion where the water uptake rate becomes important. In fact,
because of the much faster water uptake for a liquid- than a
vapor-equilibrated membrane,40,41 the stress response could be
different enough to affect performance and yield unanticipated
problems during start-up and shutdown.

Finally, stress effects may be important in systems that are
nonisothermal. For example, the above analysis neglects any
additional heating or cooling attributed to the loss of water or
the contraction or expansion of the membrane. These factors
should be included, especially when examining transient anal-
ysis as well as feeds that are subsaturated, where hot spots can
develop in the membrane as a consequence of ohmic heating.42

Furthermore, they may be important in trying to model local
effects such as pinhole formation. Another nonisothermal prob-
lem deals with fuel-cell operation in subzero conditions, where

Table 4. Results of Stress Balances for Nafion 117 and 112 Membranes under Different Operating Conditions and Assembled
with Toray TGPH-060 Paper Diffusion Media

a0* Pinched**
T

(°C)

Nafion 115 Nafion 112

lDM
§

(�m) �
�

(MPa)
lDM

§

(�m) �
�

(MPa)

L Yes 30 200 0.22 7.2 234 0.14 4.3
L Yes 60 201 0.24 7.1 234 0.15 4.3
L Yes 80 202 0.25 7.0 235 0.16 4.3
L No 30 230 0.15 4.6 244 0.11 3.4
L No 60 230 0.16 4.6 244 0.12 3.4
L No 80 231 0.17 4.6 244 0.13 3.4
1 Yes 30 219 0.23 5.6 240 0.16 3.8
1 Yes 60 227 0.26 4.9 243 0.19 3.6
1 Yes 80 229 0.28 4.7 243 0.21 3.5
1 No 30 238 0.16 4.0 246 0.13 3.2
1 No 60 241 0.20 3.7 247 0.17 3.1
1 No 80 242 0.22 3.7 248 0.19 3.1
0.9 Yes 30 232 0.26 4.5 244 0.20 3.4
0.9 Yes 60 234 0.30 4.3 245 0.23 3.3
0.9 Yes 80 235 0.32 4.2 245 0.25 3.3
0.9 No 30 243 0.21 3.5 248 0.18 3.1
0.9 No 60 244 0.24 3.5 248 0.21 3.1
0.9 No 80 244 0.26 3.4 248 0.23 3.1
0.5 Yes 30 244 0.42 3.4 248 0.37 3.1
0.5 Yes 60 245 0.46 3.4 248 0.42 3.1
0.5 Yes 80 245 0.49 3.4 248 0.45 3.1
0.5 No 30 248 0.38 3.1 249 0.36 3.0
0.5 No 60 248 0.42 3.1 249 0.41 3.0
0.5 No 80 248 0.45 3.1 249 0.44 3.0

* L stands for liquid-equilibrated membrane.
**Yes � membrane edges are constrained, all swelling is in the thickness; No � swells in all dimensions.
§ Thickness of a diffusion medium; assembled thickness is 250 �m.
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freezing may occur. Because the volume of water changes,
freezing may exacerbate the stress changes on the local struc-
ture, especially during start-up and shutdown. In all, with more
data and a slightly more complicated model (such as incorpo-
ration of nonisothermal behavior and a more robust elasticity
analysis), lifetime predictions and increased understanding into
fuel-cell behavior and durability are possible.

Summary and Conclusions

Both a physical picture and a mathematical description of a
membrane that is constrained from swelling have been pre-
sented. The modeling equations for incorporating stress and
constraint into a macrohomogeneous model have been eluci-
dated from a relatively simple approach, and used along with
our previous membrane model to analyze the effects of con-
straint. In most operating fuel cells, the membrane was shown
to be relatively constrained (�50%), resulting in significant
changes to the water balance, water content, and transport
properties. Therefore, the effect of stress and constraint should
not be ignored in fuel-cell design and modeling. Of course,
some constraint may be desirable from a contact perspective.
Furthermore, the incorporation of stress-related phenomena
may also lead to a better understanding of fuel-cell failure
mechanisms, especially during temperature or humidity cy-
cling and start-up and shutdown.

Constraining the membrane causes the water content of the
membrane to decrease. The deviation becomes less as the
temperature is increased and the water-vapor activity de-
creases. The transport properties may also change because of
constraint, but, because the volume is smaller, they may actu-
ally increase. Experimental data are needed to verify what the
property expressions and values are for constrained membranes
or the expected state of the membrane during operation. One-
dimensional simulation results demonstrated that constraint
increases the back flux of water in the membrane from cathode
to anode under all humidity conditions. The reason was shown
to be explained by the larger gradients in water chemical
potential and liquid pressure caused by having a thinner mem-
brane. However, the presented results are strictly valid only for
the property expressions used, although the trends and discus-
sion are general. The results demonstrate the need for more
data, especially under typical fuel-cell operating conditions,
and also perhaps a more complicated model including noniso-
thermal, dynamic, and more elasticity effects. Overall, the
presented model and physical picture bring to light the impor-
tance of considering membrane swelling and/or constraint in a
model, something that has largely been ignored.
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Notation

ai � activity or species i
ci � concentration of species i, mol/cm3

Di,0
eff � effective, corrected for porosity and tortuosity, binary diffusion

coefficient between species i and water, cm2/s
D�0

� diffusion coefficient of water related to a chemical potential
driving force, cm2/s

E*0,k � binary interaction parameter between water and species k, g/mol
EW � equivalent weight of the membrane, g/equiv

f � water volume fraction of the membrane
F � Faraday’s constant, 96,487 C/equiv
i � superficial current density, A/cm2

j0
evap � molar evaporation rate of water per unit volume, mol cm�3 s�1

kevap � mass-transfer coefficient or rate constant for evaporation, 1/s
ksat � absolute membrane permeability, cm2

K � bulk modulus, MPa
ln � thickness of region n, cm

mk � molality of species k in the membrane, mol/g
M � molecular weight of water, 18.0152 g/mol
n � number of species in the membrane

Ni � superficial flux density of species i, mol cm�2 s�1

p � total pressure, MPa
pn � total pressure of region n, MPa

p0
vap � vapor pressure of water, MPa
pi � partial pressure of species i, MPa
pL � hydraulic or liquid pressure, MPa
rc � critical pore radius, nm
R � universal gas constant, 8.3143 J mol�1 K�1

S � fraction of channels that are expanded
T � absolute temperature, K
V � volume, cm3

V� i � (partial) molar volume of species i, cm3/mol
xi � mole fraction of species i
Y � Young’s modulus, MPa

Greek letters

� � transport coefficient, mol2 J�1 cm�1 s�1

� � net flux of water in the membrane per proton flux

 � surface tension, N/m
� � degree of constraint
� � contact angle, degrees
� � conductivity, S/cm
� � moles of water per mole of sulfonic acid sites (water content)
�̂ � average membrane water content
� � viscosity, Pa�s
�i � chemical potential of species i, J/mol

�*0 � combination of reference states and constants used in Eq. 7
�i � density of species i, g/cm3

� � electroosmotic coefficient
� � dilatation stress, MPa

� � potential, V

Subscripts

0 � water
a � anode
c � cathode

con � constrained
f � free swelling

L � liquid-equilibrated membrane
m � membrane
o � initial or reference value
V � vapor-equilibrated membrane

Superscripts

ext � external water reservoir in Figure 1
G � gas phase
L � liquid phase

(2) � free-swelling membrane, state 2 in Figure 1
(3) � constrained membrane, state 3 in Figure 1
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